STUDENT’S NAME:

TEACHER’S NAME:

HURLSTONE AGRICULTURAL HIGH SCHOOL

HIGHER SCHOOL CERTIFICATE ASSESSMENT TASK 4

TRIAL EXAMINATION

Mathematics Extension 2

General
Instructions

Reading time — 10 minutes

Working time — 3 hours

Write using a black or blue pen.

NESA approved calculators may be used.

A reference sheet is provided at the end of this question booklet.

For questions in Section I, show all relevant mathematical
reasoning and/or calculations.

e This examination paper is not to be removed from the examination
centre.

Total marks: Section | — 10 marks (pages 2 — 6)
100
e Attempt Questions 1 — 10. The multiple-choice answer sheet has
been provided at the end of this question booklet.
e Allow about 15 minutes for this section.

Section Il — 90 marks (pages 7 — 14)
e Attempt Questions 11 — 16, write your solutions in the answer
booklets provided. Extra working pages are available if required.
e Allow about 2 hours and 45 minutes for this section.

Disclaimer: Students are advised that this is a trial examination only and cannot in any way guarantee the
content or the format of the 2023 HSC Mathematics Extension 2 Examination.
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Section 1

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

5Tl

1. Which of the following is equivalent to 2e 6 ?
A 3—i
B. V3+i
c. —V3-i
D. —V3+i
2. Imagine w is an imaginary cube root of unity, then what is (1 + w — w?)?°2° equal to?
A 92020,
B 22020,
C 92020 2
D. 22020 )2



z+2i 3m
= —7
)=

3. Which diagram represents z such that ar g (

z—2i



4, The diagram shows the complex number z in the fourth quadrant of the complex plane.

The modulus of z is 2.

. . . 1
Which of the points marked A, B, C or D best shows the position of ;?

A. Point A
B. Point B
C. Point C
D. Point D



5.

OABC is a rectangle with 04 =3i- 2] +2k and 0C =6i + 4j + ak for some constant a.

What is the value of a?

A 2 B -3
C. -5 D. -6
3
The vector equation of a sphere is given by [v—| 0 || =52.
‘—2
-3
Where does the point with position vector { 0 | lie with respect to the sphere?
2
A. At the centre of the sphere.
B. Within the sphere, but not at the centre.
C. On the surface of the sphere.
D. Outside of the sphere.

Which of the following is false?

3 —x2
A [ xPe™dx=0

4 x? 4 x?
B. f_4x2+4 dx =2, — 7%

C.  ['sin*6d6 > ["sin40do

D. f01x4 dx < f01x5 dx



10.

Which of the following uses a correct substitution for [

V3 In(tan™?
0 1+x2

J¢ Inudu

f_ Inu

0 1+tanZu
V3

J, Inudu

f\/§ Inu

0 1+tanZu

Which of the following statements is true?

A.

B
C.
D

An example is enough to prove a “for all” (V) statement.
An example is enough to disprove a “there exists” (3) statement.
A counter-example is enough to disprove a “for all” (V) statement.

A counter-example is enough to disprove a “there exists” (3) statement.

Consider the statement: “If | pass the exam, then you will pass the exam.”

Which of the following is logically equivalent to this statement?

o o w >

If 1 do not pass the exam, then you will not pass the exam.
If you pass the exam, then | will pass the exam.
If you do not pass the exam, then I will not pass the exam.

You will pass the exam only if | pass the exam.

END OF SECTION |



Section 11
90 marks
Attempt Questions 11 — 16

Allow about 2 hours and 45 minutes for this section

Answer the questions in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section |1, your responses should include relevant mathematical reasoning and/or

calculations.

Question 11 (15 marks) Use the Question 11 Writing Bookilet.

@) Letz = 2 —3iandw = —1 + i.

Find z2 — @ in the form x + iy where x and y are real numbers.

(b) The complex numbers 1 + 3i and 4 + 2i are denoted by u and v respectively

(i) Find % in the form x + iy.

(ii)  Hence, justify why tan™1 3 — tan™!

N |-

(c)  Consider f(x) = x*+ 2x3 + 2x% + 26x + 1609.

Given f (2 + 3i) = 0, fully factorise f(x) over the set of complex numbers.

(d) Sketch on an Argand diagram |z + 3i| = |z — i
() Letz? =4+ 4i

i) If z?w = z?

(i) Find all solutions for Arg(z).

(iiiy  Ifizisasolutionto x™ + k = 0, where k and n are positive integers,
Find a possible value of n.

End of Question 11

— Z_Z\/§ find w and express it in modulus-argument form.

MARKS



Question 12 (15 marks) Use the Question 12 Writing Booklet.

(@)

(b)

(©)

(d)

Q) By solving the equation z3 + 1 = 0, find the three cube roots of —1.

(i) Let w be anon-real cube root of —1. Show that w? = w — 1.

(iii)  Hence simplify (1 — w)®

By first writing /3 — i in exponential form, find the roots of the equation:
z¥ =43 -1

Give your answers in exponential form using principal arguments.

.TT
If z = 6e's, simplify z*. Give your answer in modulus and (principal) argument form.

Evaluate:

2Tl 2Tl 2 27T 3 2i 3n
et +(en) +(e7) +s(en)

Question 12 continues on the next page.

MARKS



(€)

The diagram above shows the points O, A, B, M and N on the complex plane.

These points correspond to the complex numbers 0, a, b, m and n respectively.

i

The triangles OAB and OMN are equilateral. Let @ = e 3.

(M Explain why m = an.

(i) Show that AM = BN.

End of Question 12



Question 13 (15 marks) Use the Question 13 Writing Booklet.

(@)

(b)

(©

2 a
Let y=| -1 [and v=| 2 |.

-2 -1

4
9

(2
Given that the vector projection of y in the direction of 4 is L—%J, find the value of a.
1

9

The points A, B, C are collinear where 04 =i —j, OB = -3i -k and OC = 2i + aj + bk
for some constants a and b.

What are the values of a and b?

A sphere S; with centre C(—3,—5, 10) passes through the point with
coordinates A(3, -3, 6).

-3
() Show that the vector equation of S; is |u—| =5 || = 2\/ﬁ.
‘10
(i) Write down the Cartesian equation of ;.
-9
(ilf)  The vector equation of another sphere of S, is [r—| 4 | = \/ﬁ
7

Prove that the two spheres S; and S, touch each other at a single point.

(iv)  The vector equation of the line m is given as

-6 2
v=|-3[+A4|1 where A e R.
11 |

Find the value(s) of A where the line m intersects the sphere S;.

Question 13 continues on the next page.

-10 -
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(d) In AOAB below, BE is the altitude from B to OA, and AF is the altitude from A to OB.

OA=aand OB =D.

Given that M, N are the midpoints of OA, OB respectively,

use vector methods to show that |OM| x |OE| = |ON| x |OF]|.

End of Question 13

-11 -



Question 14 (15 marks) Use the Question 14 Writing Booklet.

MARKS
. dx

(a) Find fm 2
(b) Use integration by parts to find f x3%dx. 3
© () Provethatvx(1—-vx)" =(1-vx)" —-(1-vx)". 1

(i) Letl, = fol(l —\/E)n dx wheren=1,2,3, ...

_ n
Show that In = m]n_l. 3
(iii)  Hence, evaluate 1553 2
(d) Use the substitution u = cos 26 to evaluate ﬁl v du. 4
2 1+u

End of Question 14

-12 -



Question 15 (15 marks) Use the Question 15 Writing Booklet.

(@)

(b)

(©

(d)

(€)

(f)

Prove that the statement: 3 a,b,c € Z such that a® + b3 =¢
where a, b, ¢, are odd integers, is FALSE.

Prove that a 3-digit integer is divisible by 9 if and only if

the sum of all its digits is ALSO divisible by 9.

(i) Prove that (a + b)? = 4ab where a,b € R.

2
(i)  Hence, prove that (x2 +3x+2+ x_-lu) > 4x,wherex € R andx # —1.

Prove that log .y is irrational if x is even, y is odd and x,y € Z*.

Prove by mathematical induction that, for all positive integers n,

:TT; ((x+De* )= (x+n+1)e* %

L : _ 1
Use mathematical induction to prove: e ™% < ;for all x > 0,x € Z.

End of Question 15

-13 -
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Question 16 (15 marks) Use the Question 16 Writing Booklet.

@ Let P(x,y) represent the complex number z on the Argand Diagram.
Let Q be the point (—4,8).

(i)  Sketch the graph of the solution to: |QP| = ||
Include labels of the points where the solution crosses the x and y axes.

(i) Hence or otherwise, solve: z + 4 — 8i = |z|

(b) The velocity of a body moving in simple harmonic motion along the x-axis
is given by: v? = 21 — 4x — x2.

Find the amplitude of this motion.

(©) A particle moves in a straight line so that its position at any value, t, in seconds (t > 0)
. . . _ E
is given by: x = 5cos (Bt + 4).

Q) Show that the motion of the particle is simple harmonic motion,
and hence state the period of this motion

(i) Find the first 2 times that the particle reaches its greatest speed.

Give your answers correct to three decimal places.

(d) Let z= ef®.

()  Show that z" — — = 2isin(nf).

(i) Show that (z —§)5 = (z5 - is) ~5 (23 - 13) +10 (z - i)

(iii)  Hence find [ sin® 6 d@.

End of Question 16

End of examination

-14 -
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2022 Trial Higher School Certificate Examination

Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2

REFERENCE SHEET
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Statistical Analysis

X —U An outlier is a score
T less than Q; — 1.5 x IOR
or

more than Q. + 1.5 X IOR

Normal distribution

_
| | I
-3 -2 -1 0 ] 2 3 <

* approximately 68% of scores have
z-scores between —1 and 1

+ approximately 95% of scores have
z-scores between —2 and 2

* approximately 99.7% of scores have
z-scores between —3 and 3

E(X) =
Var(x) = E[(X —p)*| = E(X*) — i

Probability

P(A " B) = P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(ANB)

P(B)

Continuous random variables

P(A|B) = , P(B)#0

P(X<x)= J’ Sf(x)dx

b
Pla< X <b) :J S(x)dx

Binomial distribution
P(X=r)="C,p/(1-p)"™"
X ~ Bin(n, p)
= P(X=x)
= (i]px(l —p)V" " x=0,1,...,n

E(X) =np
Var(X) = np(1-p)



-17 -



Combinatorics

f
nPr: n!

(n—r)!
AN n!
(r]_ G =

r(n=r)

n

(x+a)”=x”+(1

]x”_]a+--<+(

Vectors

|Lj|:|)€£+}’_j|:'\f]x2+y2

u-y =[u||v]eos® = xx; + 3y,

where u = x;i+y,J

and B=x2£+y2£f

r=a+Aib

Complex Numbers

z=a+ib=r(cos@ +isinb)

= re'?

[r(cosB + isin 9)]” = r"(cosn@ + isin nd)

— rnemﬁ'

Mechanics

7= V=
de= dt dx dx

d’x _dv_ dv _ d(lvgj
2
x=acos(nt+a}+c
x=asin(nt+a) + ¢

i==n*(x-c)

-18 -



HURLSTONE AGRICULTURAL HIGH SCHOOL

2023 Trial Higher School Certificate Examination
Mathematics Extension 2

Name Teacher

Section I - Multiple Choice Answer Sheet

Allow about 15 minutes for this section

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample: 2+4= (A) 2 (B) 6 (C) 8 (D) 9
A B C D

If you think you have made a mistake, put a cross through the incorrect answer and fill in the
new answer.

A B C D

If you change your mind and have crossed out what you consider to be the correct answer,
then indicate the correct answer by writing the word correct and drawing an arrow as follows.

A B C D
1. AO BO ¢ O DO
2. AO BO ¢O DO
3. AO BO ¢O DO
4. AO BO ¢O DO
5. AO BO ¢O DO
6. AO BO O DO
7. AO BO ¢O DO
8. AO BO ¢O DO
9. AO BO ¢cO DO
0. AO BO ¢O DO

-19 -



Hurlstone Agricultural High School

Mathematics Extension 2 Trial HSC 2023 Marking Guidelines

Multiple Choice

Q1. All responses have a modulus equal to 2, so we need to differentiate between the
ST

arguments, noting that e ¢ lies in the second quadrant. There is only one candidate.

Answer: D

Q2. For cube roots of unity, 1 + w + w?> =0 s0 1+ w — w? = —20?.

(—20)2)2020 — 220200)4040

Since the digits of 4040 add to 8, then there is a remainder of 2 when dividing by 3.

w4040 — )2

Answer: D

Q3. arg(z+ 2i) —arg(z—2i) = 3%
Hence the vector from 2i to z is an anti-clockwise rotation of %ﬂ from the vector from 2i to z.

Answer: D

Q4. iwill have the argument of z multiplied by negative 1, and it’s modulus will equal %

Answer: C
Q5. 0OALOC,s004-0C=0
3IX6—-—2%X4+2a=0
a=-5 -.C

Q6. distance = /(3 + 3)2 + 02 + (=2 — 2)2
=+/52 < 52

.. point is inside sphere (but not at centre) ~.B



Q7.y = x* is above y = x° in the domain 0 < x < 1,

Note: Als odd function ... true
B is even function ... true
C y = sin*@ is entirely above x-axis
y = sin46 has area above and below the x-axis

so y = sin*@ integral is greater

Q8. u=tan x x=0=2>u=0

_ 1 _ _T

du = —dx x—x/?:u—3
Fits with A

Q9:. A “for all” statement implies that a counter-example does not exist.

Hence the counter-example disproves it.

Q10: This is the contra-positive to the statement in the question,

which is therefore equivalent.

Answer: C

Answer: C



2023 Yrl12 HSC Assessment Task 4

Question 11

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-4

uses the relationship between algebraic and geometric representations of complex numbers and complex
number techniques to prove results, model and solve problems

Solutions

Marking Guidelines

a)

bi)

22—w=(2-30)2—(-1-1)
=4-12i—9+1+i
= —4—11i

u 1+3i 4-2i

= _)( -
v 442 4-2i

_4+120-2i+6
B 16 + 4

_ 10+ 10i
20

1.1
—27!

tan™! 3 = mod(u)

1

1
tan™ 5= mod(v)

—_
—_

d( + ')—”— a(5)
mod (= + 5] = 7 = mod (—

1
tan" 13 —tan~? 5= mod(u) — mod(v)

- mod %)

/[
4

2 marks
Correct solution

1 mark
Substantial progress
to correct solution

2 marks
Correct solution in
x + yi form

1 mark
Substantial progress
to correct solution

1 mark
Correct Soltuon




c)
if f(2+ 3i) = 0, then f(2 — 3i) = 0 as complex roots come in conjugate pairs for
polynomials with real coefficients.

So fx)=(x—2+30))(x—(2-30))x*+bx +c¢)

= (x? —4x +13)(x% + bx + ©)

13c =169s0c =13
13bx — 52x = 26x
b=6
Factorising x% + 6x + 13 gives (x — (—3 + 2i))(x — (=3 — 2i))

Hence f(x) = (x = (2+3i))(x— (2 —=30))(x+ 3+ 2)(x + (3—20))

d)

|z + 3i]| = |z —i]

\/xz+(y+3)2=\/x2+(y—1)2
y+3)?=@-17?
0=-8y—8

y=-1

3 marks
Correct solution with
clear reasoning

2 marks Substantial
progress towards
solution

1 mark
Some progress
towards solution.

1 mark
Correct graph.




ei)
72 =4+ 4i

22w =22 — 2\/3
(4+ 4w =4+ 4i — (4 — 4i)V3

(4 —4)V3 (4 —4i)
TT@E+4) G-

(16 — 32i — 16)V3
16 + 16

=1+iV3

T o
= 2cos§+ 2isin—

3

arg(z?) = 2arg (2)

4
tan™! i 2arg (z)

Z=2
7 = 2arg (2)

T
arg(z) = 3

iii)
arg(z) = g and arg(iz) = g +§ —5n
x"+k=0
x" = —k

arg((i2)") = arg (=k)

51

?n=2n+nj where j € Z

n = 8 is one solution

2 marks
Correct solution in
mod-arg form

1 mark
Substantial progress
to correct solution

2 marks
Correct solution

1 mark
Substantial progress
to correct solution

2 marks
Correct solution

1 mark
Some progress to
correct solution




2023 Yrl12 HSC Assessment Task 4

Question 12

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-4

uses the relationship between algebraic and geometric representations of complex numbers and complex
number techniques to prove results, model and solve problems

Solutions Marking Guidelines
ai 2 marks
z2+1=0 Correct solution
z3 = -1 1 mark
Substantial progress
z=-1, e%i’e 3l to correct solution
i)
3 —
zZ2+1=0 1 mark
(z+1)(Z2—2z+1) =0 Correct solution
Since z # —1 (w is a non-real root) thenw? —w + 1 =0
Hence w? =w —1
iii)
6
1-w)=(-(w-1)) 2 marks
Correct fully
- (_(WZ))6 simplified solution
— w2 1 mark
Substantial progress
-1 to correct solution
b)
mod(\/§ - i) =2
1 - 3 marks
arg(\/§ — i) —tan l — = —— Correct solution with
V3 6 principle roots within
(=m, ]
TT.
74 = 2076 2 marks
Substantial progress
;= ‘{/Ee‘%i towards solution

131

T . . 117, 23T,
Roots are: V2e 2", Y2e za', Y2e2:', Y2e2s" (roots evenly spaced by g)

1 mark
Some progress
towards solution.




z = 6e3
41T,
z* = 6%
21T,
= 63_Tl
6 ( 21 tisi 271)
= COS — — Lsin ——
3 3
d)
2m; am; 5
1,e3 andes arerootstoz®—1=0
o am
Wehave (z—1)(z2+2z+1)=0,hencel +e3'+e3'=0
This is repeated every three terms in the series.
There are 3n + 1 terms in the series.
21, 3N .
Hence,0 + 0+ ---+ 0 + (e?l) = e =1
ei)
mand n are complex numbers with the same moduli and
mis arotation of n byg (equilateral triangle angles).
i
Hencem =e3'n
=an
ii)

a = ab(same reasoning as parti))

(4| = |oBN|
= lal[BN]|
= 1|BN]|

|[AM] = |BN]|

2 marks
Correct solution
within (—m, ]

1 mark
Significant progress
towards solution.

2 marks
Correct solution

1 mark
Substantial progress
to correct solution

1 mark
Correct solution

2 marks
Correct solution with
consistent notation

1 mark
Significant progress
to correct solution




Year 12

Mathematics Extension 2 2023

TASK 4 (TRIAL)

Question No. 13

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEX12-3 uses vectors to model and solve problems in two and three dimensions.

Part/ Solutions Marking Guidelines
Outcome
(@) proj,y = == x
- U
_2a-2+2
T o4+1+4 |
3 2 2 marks — Correct solution
2|22 | 4
j 9 » 1 mark — Substantially
) correct
3 2
9 -%|=ax| -1
2 i 5
2 2
-1|=ax|-1 a=1
-2 -2
(b) E=—3i—ls—(i— ) =—4i+]-K

J
BC =2 +aj+bk—(-3i—k) =5i+aj+(b+1)k

BC = AAB
5i+ )+ (b+1)k = 2(~4i+ j—k)

3 marks — Correct solution

2 marks — Substantially
correct

1 mark — Partial progress
towards correct solution




(©)()

(c)(ii)

(c)(ii)

(c)(iv)

Question 13 continued...

radius = \/(—3— 3) +(-5+3) +(10-6)’

= /56 = 2414

centre is (—3,—5,10)

-3
-8 is|u-| 5| =214
10

cartesian equation of S, is

(x+3)2 +(y+5)2 +(z—1O)2 =56

Distance between centres is

\/(—9 +3)"+(4+5) +(7-10)
=126

=314

=14 + 2414 (sum of the two radii)
- S, &S, meet at a single point

Equate v and u (ie sub v into 51)

6+21) (-3

~3+1 || -5|=2414

11+2 ) 10
—-3+21
2+ [=2V14
1+

(-3+22) +(2+2) +(1+2) = (2@)2

91241 +4A° +4+4Q + 1J* +1+21+ A1° =56

6A2—61—-42=0
A2=A-7=0
l_li@

2

1 mark — correct solution

1 mark — correct equation

2 marks — Correct solution

1 mark — Substantially
correct

3 marks — Correct solution

2 marks — Substantially
correct

1 mark — Partial progress
towards correct solution




(d)

Question 13 continued...

oM = 10A
2 and
1
==a
52
ON =108
i and
==h
5

now,

similarly,

Aa-a=pb-b

<|ow]Joe] = ono]

OE = A0A
=Ja

OF = OB
= Hb

‘Oﬂ‘ﬁ‘cosezm-ﬁ

‘m‘&g‘cosozlg%g
2

IWHE‘ :%lg-g 1]

similarly ‘O—NH@‘ = %,ulg-lg 2]

OA L BE

S0, O—A-ﬁzo
OA.-(OE - 0B =0

b .[3]

( from[3] & [4])

1 1
5 a-a 2/1~ 0

( from[1] & [2])

3 marks — Correct solution

2 marks — Substantially
correct solution

1 mark — Partial (non-
trivial) progress towards
correct solution




Year 12

Mathematics Extension 2

2023

TASK 4 (TRIAL)

Question No. 14

Soluti

ons and Marking Guidelines

Outcomes Addressed in this Question

MEX12-5 applies techniques of integration to structured and unstructured problems.

Part/ Solutions Marking Guidelines
Outcome
(@) J J 2 marks — Correct solution
x® +6x+13 X +6x+9+4 .
1 mark — Substantially
J correct (Note, omitting the
2 constant prevents access to full
X * 3 +2 marks in this question. Thisis a
1. . x+3 stock-standard question, and
E tan S +C detail is always important)
(b) Jx3xdx:uv—Jvdu u=x  dv=3"
X —_ i X
RSN Y du=dc o vEgss 3 marks — Correct solution
In3 In3
_x3 1 3, 2 marks — Substantially
In3 In3 In3 correct
3 1 .
“1n3 m +C 1 mark — Partial progress
towards correct solution
©)() LHS = \/;( )

= (1-1+)(1- &)nl

o

o)

= (1—&)n1—(1—x/§)n

=RHS

1 mark — correct solution




(c)(ii)

(c)(ii)

Question 14 continued...

I = J:(l—\/;)n dx

= [uv]:J - Jolv du

{(1\/_)}2J(1\/_)d

x
=o—o+gf:\/§(1—\/§) " dx
= gj:[(l—\/;)n_l - (1—&)n}dx (from (I))
| =gf(1—x/§)nldx—gf(1—\/§)" dx

0 0

SELYILY
_E n—1_2 n
n n
In+E|n:§|n—l
n+2I _nI
2 n_E n-1
n
=1
T a2 ™

3 0
3 3
_ N
n = n+2 n-1
2023
Izozs - 2025 Izozz
2023 2022

Stk Gt
2025 2024 %
_ 2023x2022x2021..x3x2

 2025% 2024%2023..x5x4 !

- x2 1
2025x2024 " 3
1

2047 276

3 marks — Correct solution

2 marks — Substantially
correct

1 mark — Partial progress
towards correct solution

2 marks — Correct solution

1 mark — Substantially
correct




(d)

Question 14 continued...

1
j }]'__udu
12 1+U
0
= ‘/wx—zgnzede
=z V1+cos26
6
° /25in20
=2 >— Xsin20d6
= 2c0s° 60

= zj ﬂstm@cosede
cos@

= 2jfzsin29d9

= 2]0%(1—cosze)d0
=2[6-1sin26!
=2[(2-4sinz)-(0-1sin0) |
_ zlz_ixﬁl

6 2 2

u=cos26

du =-2sin26d6
u=l = 6=0
u=43 = 60=1%2

4 marks — Correct solution

3 marks — Substantially
correct solution

2 marks — Significant
progress towards correct
solution

1 mark — Partial (non-
trivial) progress towards
correct solution




Year 12

Mathematics Extension 2

Assess Task 4 2023 HSC

Solutions and Marking Guidelines Question 15

Outcomes Addressed in this Question

MEX12-2 chooses appropriate strategies to construct arguments and proofs in both practical and

abstract settings.

Part Solutions Marking Guidelines
(@) (a) Let a, b be odd integers.
ie.a=2k+1, b=2j+1, whereintegersk,j=> 0.
Then:
a’ + b3 =Qk+1)?+ (2j +1)3
—4k? + 4k +1+83+ 122+ 6j + 1 (2)2 marks: correct
= 2(2Kk% + 2k + 4% + 62 + 3j + 1) Em"f- - One element
Which is an even number for all k, j. fmar f n_eiteézmen
Therefore, the statement is false, ¢ can’t be odd. Ot proot omitted.
(b)
(b)
(Part 1) Let the sum of the digits of number abc be divisible by 9.
i.e.a+ b+ c = 9M for integer M.
The value of abc = 100a + 10b + ¢
=99a+9% +a+b+c
:: 3?16112 ibb-l_-l_‘)]‘l/l\/l) (b) 3 marks: Correct
Hence abc is divisible by 9. grronogrokfs!féztrgrt:(:rpent.
(Part 2) Proving the converse: roof in (-)nl one
Let the number abc be divisible by 9. Bdirection”')gr
i.e. 100a + 10b + 69; 9NC§(1); mtege;}N. . significant progress in
”a 4 Z ::_' . —+9((1N+ 1+1; B b) both “directions”.
R B B 1 mark: Significant
Hence a + b + c is divisible by 9. relevant progress.
Both parts show that the “If and only if” statement is true.
©) (c) (i) Consider the difference:

(a + b)? —4ab = a? + 2ab + b? — 4ab
= a? — 2ab + b?
=(a—-5b)? =0
~ (a+b)? = 4ab
(ii)x?+3x+2=(x+2)(x+1)
So, from part (i), leta = x* +3x + 2, and let b =

Substituting into the statement in (i):
2

1 1
(x2+3x+2+—) 24(x2+3x+2)(—>
x+1 x+1

x+2)(x+1)
(x+1)
=4(x+2)sincex # —1
=4x+ 8
> 4x for all values of x.

1
x+1°

(c)(i) 1 mark: Correct
solution.

(if) 2 marks: Proper
set up and proof,
utilising “Hence”.

1 mark: One
component of proof
incomplete.




(d)

(€)

(f)

(d) Assume that the log statement is rational,
i.e. Assume: log,y = S for p,q € Z* and where p and q have

no common factors.
soxP =yd

If x is even and y is odd.

xP = (2k)P = 2(2P1)kP
Which is even for all integer values of k.
However, y9 = (2j + 1)9 = (2))7 + q(2))7 1 + ---. +1
where every term except for the last will involve a factor of 2.
Hence y? = (2j + 1)? is an odd value.

~xP =y s0log,y # S by contradiction.
So log,y is irrational, since the assumption is false.

(e)
Step 1: When n =1: LHS = j—x (x + 1)e*1
using the product rule = (x + 1)e* 1 + e*71 |
=(x+2)e*?
RHS = (x +1+ 1)e* !
=(x+2)e* ! =LHS
Therefore true whenn = 1.

k
Step 2: Assume % =((x+1e¥ )= (x+k+1)e¥?!
k+1
Prove % =((x+1e¥ )= (x+k+2)e¥?!

d
LHS= — (x+k+1)e*?
dx

= (x+k+1e* 1+ ex?
=(x+k+2)e*1?
= RHS
Therefore proven by Mathematical Induction.

)]
Step 1: When x =1, LHS = i; RHS = 1

% < 1 sincee > 1. So LHS < RHS. Therefore true when x =1.

Step 2: Assume e ™% < %

— 1
Prove e~ +D <« —
k+1

1
LHS = e ke < A X

1 .
< —sincee > 2
12k
< —since k > 1.
k+1

Therefore LHS < RHS
Statement proven by Mathematical Induction.

1 1
e ke

(d) 2 marks: Proper
set up and proof, with
justification (e.g.
explains
contradiction).

1 mark: One
component of proof
incomplete.

(e) 2 marks: Both
steps correct.

1 mark: 1 step fully
correct.

(F) 3 marks: All
aspects of induction
correct.

2 marks: One
component of proof
incomplete.

1 mark: Significant
relevant progress.




Year 12

Mathematics Extension 2

Assess Task 4 2023 HSC

Solutions and Marking Guidelines Question 16

Outcomes Addressed in this Question

MEX12-4 uses the relationship between algebraic and geometric representations of complex numbers

and complex number techniques to prove results, model and solve problems.

MEX12-6 uses mechanics to model and solve practical problems.
MEX12-7 uses various mathematical techniques and concepts to model and solve structured,

unstructured, and multi-step problems.

Part Solutions Marking
Guidelines

(a) (i)

(@)

MEX12-4
(@)(i) 1 mark:
Correct diagram.
(if) z + 4 — 8i = |z| means that the vector representation of the
number zQ must be a real number, and hence be horizontal.
i.e. the vector QP when y = 8 occurs when P=(6,8). (a) (i) 2 marks:
Soz=6+8i. Correct solution.
Alternative algebraic solution: 1 mark:
x + ly +4—8i =+x%+ yz Significant
m Cx—iy=4—8i relevant progress.
Equating real and imaginary parts gives:
y=8; xX>+y?=4+x
Substitute y=8 and square both sides:
x? + 64 =16 + 8x + x?
48 = 8x
6=x - z=6+8i

(b) (b) Particle is at the extremes when v = 0, and when substituted into the

given equation, we have:
MEX12-6

0=21—-4x—x%> = (7+x)(3—x)
Therefore extremes are at x= -7, 3, so the amplitude = 5 units.

Alternatively, v? = 25 — (x + 2)?
So a? = 25, giving an amplitude of 5 units.

(b) 1 mark:
Correct answer.




(©)
MEX12-6

(d)

MEX12-4
MEX12-7

(©) (i) x = 5 cos (St + g)
% = —15 sin (3t+§)
X = —45 cos (3t + %) =—-9x
2

¥ = —n?x where n = 3. Therefore, period = ?" S

(it) Maximum speed occurs when acceleration = 0.
T
- COS (3t + Z) =0

(3t+%) = %

t= = =0-262
> t= — = . .
12 S

The 2" time it reaches this speed (in the opposite direction) is half of
the period later.
21

Second instance: t = = + X (—) _
12 2 3

3 —1-309s
12
dz=¢e¥ - |z]=1
(I) N — i — eniG _ e—niG
Zn

=co0s(nf) + isin(nd) — (cos(-nb) + isin(-no))

= isin(n@) — isin(—n0O) since cos function is even.

= 2isin(n@) since sin function is odd.
(i)
Using the binomial expansion,

1\’ 1 1\° 1\° 1
<z - —) = z°>—5z% (—) + 1023 (—) —10z? (—) + 5z (—)
Z VA Z Z VA
G
Z

= z>—523+10z—10z"1 4+ 5273 —z7°>

= (z°—2z7%) =523 -273)+ 10 (z — z~1) which is equal to
that required.
(iii)
Merging statements from parts (i) and (ii):

5
(2isin@)’ = (z - l) = 2isin560 — 5(2isin30)+10(2isind)
32isin®@ = 2isin 56 — 10i sin 30 + 20i sin @
1

~ sin°@ = E(Zi sin 50 — 10i sin 30 + 20i sin 0)

= % (sin50 — 5sin 36 + 10sin 8)

4

1
. fsinse do = Te f(sin 50 — 5sin 360 + 10sin8)dé

L (_—1 cos50 + > c0530—10c059)+c
16 \ 5 3

(c)(i) 2 marks:
Correct definition
of SHM and
period.

1 mark: One
component
correct.

(c) (i) 2 marks:
Complete
solution.

1 mark: One
component of
solution correct.

(d) (i) 2 marks:
Satisfies “show”
instruction.

1 mark: One
component of
proof incomplete.

(d) (ii) 2 marks:
Satisfies “show”
instruction.

1 mark: One
component of
proof incomplete.

(d) (iii) 3 marks:
Complete
solution with
working/justificat
ion.

2 marks: One
component of
required response
incomplete.

1 mark:
Significant
relevant progress.
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